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Navarro, Frenk & White 96 « NFW »

NFW-like density profiles
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Dissipationless  
cosmological simulations 

virial radius: radius of quasi-dynamical equilibrium  
mean density ≈ 100x critical density of Universe

isotropic inner orbits
somewhat radial outer orbits

Mamon & Lokas 05
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Dissipationless  
cosmological simulations 
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r −3

isotropic inner orbits
somewhat radial outer orbits
esp. in hi-mass clusters
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Cluster density profiles: concentrations 

projected NFW fits well 
surface number density profile
with c  = 4 Carlberg+97

c(red) = 4, c(blue) = 1.3  
     Collister & Lahav 05

concentration c =
rvir

r−2

ΛCDM simulations: cmass = 4
Navarro+97
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Cava, Biviano, GM et al. 17
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Stack of 54 z~0.05 regular (WINGS) clusters

A. Cava et al.: Structural and dynamical modeling of WINGS clusters. I.

Fig. 5. Projected surface number density profiles for E (top panel), S0
(middle panel), and S (bottom panel) galaxies, in the Reg-sigv (left-

hand panels) and Irr-sigv (right-hand panels) stacks, as determined us-
ing the spectroscopic samples of cluster members, and the completeness
weights. Radii are in units of r200,�, ⌃(R) are in units of r

2
200,�. The solid

(respectively dashed) curves are the best-fit (projected) NFW (respec-
tively King) profiles, as obtained by averaging the results of maximum
likelihood fits to the ⌃(R) of individual clusters, obtained using the pho-
tometric sample. Poisson error bars are smaller than the size of the sym-
bols, but do not include the completeness uncertainties.

Fig. 6. Same as Fig. 5, but for the Reg-Num and Irr-Num samples, using
r200,N in lieu of r200,�.

morphology-density relation (Dressler 1980). This is true both
for Reg and Irr clusters, and for both r200 scalings.

We also find that the concentrations, r200/rs and r200/rc for
the NFW and King models, respectively, of the spatial distribu-
tions of E and S0 galaxies are higher in Reg than in Irr clus-
ters, again independently of the r200 scaling. This is not true for
the concentration of the spatial distribution of S galaxies. We
provide a possible interpretation for this new result. Dynami-
cally relaxed cluster-size halos from cosmological simulations
are known to display a higher concentration (per given mass)
than their unrelaxed counterparts (e.g., Jing 2000; Neto et al.
2007). This is probably the consequence of recent (major) merg-
ers occurring in unrelaxed clusters. This could also explain the

Fig. 7. Histogram distributions of the ratio of best-fit NFW (left panels)
and King (right panels) model scale radius parameters for individual
clusters, using BCG and X-ray centers, for the E, S0, and S populations
in the top, middle, and bottom panels, respectively.

Fig. 8. Normalized scale radius as a function of the galaxy population
for the Reg (red dashed lines and filled symbols) and Irr (blue dash-
dotted lines and open symbols) sample. Top panels and dots (respec-
tively bottom panels and squares) are for the NFW (respectively King)
scale-radius. Left (respectively right) panels are for the r200,� (respec-
tively r200,N) scaling. Error bars are computed according to Eq. (16) of
Beers et al. (1990).

higher concentration of E and S0 galaxy distributions in Reg
clusters, if these kind of galaxies are good tracers of the mass
distribution. On the other hand, the insensitivity of the S spatial
distribution to their cluster relaxation state suggests that S galax-
ies are recent newcomers in the cluster potential, and that they
might not have settled down in a dynamical equilibrium config-
uration yet.

5. The line-of-sight velocity dispersion profiles

We determine the line-of-sight velocity dispersion profiles
(VDPs in the following) of di↵erent galaxy populations in our
four stack samples, by computing the biweight (Beers et al.
1990) velocity dispersion in concentric radial bins. We need
not worry about completeness in this analysis. In fact, observa-
tional selection is unlikely to operate in velocity space within the

A108, page 7 of 11

projected distance to center
⇒ Ellipticals follow mass, spirals 4x wider distribution 
    S0s closer to ellipticals
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Scaling relations from simulations 

No. 2, 2001 PHASE-SPACE DENSITY PROFILES OF CDM HALOS 485

FIG. 1.ÈPhase-space density proÐles of three galaxy-sized CDM halos.
Solid lines correspond to the SCDM halos and dashed lines correspond to
the LCDM halo. Vertical normalizations are arbitrary and have been
chosen so that the curves coincide at about 0.01 Radii are normalizedr200.
to the virial radius, Circles indicate the self-similar solution obtainedr200.
by Bertschinger (1985) for spherical infall of gas onto a point-mass per-
turber in a uniform EinsteinÈde Sitter universe. Radii for this solution have
been normalized by assuming that the shock radius in the solution equals

A power law of slope [1.875 is shown for comparison (thin solid line).r200.
[See the electronic edition of the Journal for a color version of this Ðgure.]

chosen to normalize o/p3 so that all three curves coincide at
The important point illustrated by this Ðgure is0.01r200.

that, over more than two decades in radius, the phase-space
density proÐle is very well approximated by a power law of
slope [1.875 (thin straight line). This is quite remarkable,
given that both the density proÐles (shown in Fig. 2) and the
velocity dispersion proÐles of these halos deviate quite
strongly from simple power laws, as described by NFW.

Also remarkable is that the slope of this power law coin-
cides with that of the self-similar solution derived by Berts-
chinger (1985) for secondary infall onto a spherical
perturbation in an unperturbed EinsteinÈde Sitter universe :
BertschingerÏs solution is plotted with circles in Figure 1.
This solution corresponds to the self-similar equilibrium
conÐguration of a c \ 5/3 gas formed by spherical accretion
onto a point-mass perturber in an otherwise uniform
EinsteinÈde Sitter universe. The quantity shown by the
circles is equivalent to the phase-space density, o5@2/P3@2,
where P is the local (isotropic) pressure. As discussed by
Bertschinger, this solution is the most appropriate to
compare with our numerical results for CDM halos, given
that the velocity dispersion tensor in this case is only mildly
anisotropic. Radii are normalized assuming that equalsr200the shock radius of the self-similar solution, which corre-
sponds to roughly one-third of the turnaround radius. The
vertical normalization is arbitrary and has been chosen to
match the N-body results at Taking o5@2/0.01r200.
P3@2 P (T /oc~1)~5@2c to be a measure of the local entropy of
the system, Figure 1 shows that galaxy-sized CDM halos
have the same radial entropy stratiÐcation as the simple

FIG. 2.ÈDensity proÐle solutions to the isotropic, hydrostatic equi-
librium (Jeans) equation for spherically symmetric systems with a power-
law phase-space density, o/p3 P r~1.875. The curves are generated by
setting b \ [d(log o)/d(log r) \ 2.25 and at some Ðducialo(r0) \ o0 \ 1
radius and by varying the free parameter i. The value of i is used tor0label each curve. [See the electronic edition of the Journal for a color version
of this Ðgure.]

spherical collapse solution. It is possible that this power-law
stratiÐcation is a fundamental property that underlies the
similarity of structure of cold dark matter halos.

3. DENSITY PROFILES

Density proÐles consistent with the power-law phase-
space density proÐle shown in Figure 1 can be obtained by
assuming hydrostatic equilibrium. For an isotropic, spher-
ically symmetric system of collisionless particles, the Jeans
equation may be written as

d(op2)
dr

\ [o d'
dr

\ [o GM( \ r)
r2 , (1)

where ' is the gravitational potential and M(\r) is the
mass interior to r (Binney & Tremaine 1987, p. 198). Equa-
tion (1) is equivalent to the equation of hydrostatic equi-
librium for a gas of pressure P \ op2. Dividing both sides of
the equation by [Go/r and taking derivatives with respect
to r, we can rewrite this equation as

d
dr
C[r2

Go
d(op2)

dr
D\ d

dr
M( \ r) \ 4nor2 , (2)

where the last equivalence applies to a self-gravitating
system. Assuming that the phase-space density is a power
law of radius, i.e., that

o
p3 (r) \ o0

p03
A r

r0

B~a
, (3)

where is an (arbitrary) reference radius, andr0 p0 \ p(r0),
and deÐning the dimensionless variables, x 4o0 \ o(r0),

Taylor & Navarro 01

Pseudo-Phase-Space-Density

Q
= ρ/σ 3v ∝ r −15/8
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β – γ

γ = d ln ρ / d ln r

velocity anisotropy

β = a + b γ

β

circular↓

radial↑

isotropic

2 relations = related?
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Motivations: analyze observations of galaxy clusters  
to test & interpret what we learn 

 from cosmological simulations of Dark Matter 

Don’t fully trust hydrodynamical simulations! 

Dark Matter  
• normalization 
• shape 
• concentration

tests of standard cosmological model

Galaxy orbital shapes 
• inner 
• outer

history of cluster buildup 
constraints on galaxy formation 
origin of S0 galaxies

Scaling relations 
• density profiles 
• concentration vs. mass 
• pseudo phase space vs. radius 
• velocity anisotropy vs. density slope

‣ gravitational potential? 
‣ dark matter? 
‣ observational tracer? 
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Mass - orbit modeling method(s)
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Measuring dark matter in spheroidal systems:  
using different physics

Particle physics: 𝛾-ray annihilation or decay
DM

DM

Hydrodynamics: hydrostatic equilibrium of X-ray gas

purple = hot gas

p = pressure
 = gas (mass or number) densityρ

Newtonian dynamics: mass/orbit modeling
Jeans Equation P = (anisotropic) pressure tensor

 = tracer number densityν
 = potentialΦ

General relativity: 
      gravitational lensing
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From phase space to local space
distribution function = 6D phase space density  

€ 

f = f r,v( ) ≡

Collisionless Boltzmann Equation

€ 

∂f
∂t

+ v ⋅ ∇f −∇Φ⋅ ∂f
∂v

= 0incompressible 6D fluid

r · P = �⌫r�

P = ⌫ �2
v

JeansMaxwell

Jeans Equation

tracer density

  

€ 

v j CBE∫ d3v
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Spherical stationary Jeans equation

mass / anisotropy degeneracy

= velocity anisotropy

isotropic orbits: β = 0 
radial orbits: β = 1 
circular orbits: β → −∞

 MAD

tracer density

d
�
⇥⇤2

r

⇥

dr
+ 2

�(r)
r

⇥⇤2
r = �⇥

GM(r)
r2

�(r) = 1� ⇥2
�(r)

⇥2
r(r)

anisotropic dynamical pressure
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Diagnostics from  
line-of-sight velocity distribution 
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MAMPOSSt:  
Modeling Anisotropy & Mass Profiles  

Mamon, Biviano & Boué 13 
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Mass & orbital anisotropy profile 
challenge: Line-of-sight only
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Comparison with Machine Learning
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Mass & orbital anisotropy profile 
challenge: Line-of-sight + Proper 

Mass modelling methods for spherical systems 989

Figure 6. As Fig. 1, but for mocks PlumCoreOM (left) and PlumCuspOM (right) including also proper motion data (see the text for details).

density scale radius (which is itself very well recovered), and AGAMA

f(E, L) assumes β∞ = 1, as in the mocks. Moreover, DISCRETEJAM,
MAMPOSST, and AGAMA each assumes the same functional form for
the mass profile as in the mock data (with MAMPOSST fixing the value
of αD), whereas GRAVSPHERE does not. As such, we cannot really
speak of any one method being ‘superior’ to the others; rather, each
has its strengths and weaknesses.

4.3 Tangentially anisotropic mocks

In Fig. 5, we show our results for the tangentially anisotropic mocks,
PlumCoreTan and PlumCuspTan, assuming 1000 tracer stars. Notice
that, similarly to the isotropic mocks, all methods recover ρ(r) within
their 95 per cent confidence intervals over the range 0.25 < R/R1/2

< 4 (top panels), though for the PlumCoreTan mock, DISCRETEJAM

is biased (at 68 per cent confidence) towards cuspy, tangentially
anisotropic mocks and MAMPOSST marginally so. This is similar,
though less severe, to the bias seen for the PlumCoreOm mock and
owes to the mass–anisotropy degeneracy (see discussion above).

All methods successfully detect the tangential anisotropy, though
for 1000 tracers, this is only statistically significant near the half-

light radius (vertical dashed line). Interestingly, both the AGAMA f(E,
L) and AGAMA f ( J) methods become biased at greater than their
95 per cent confidence intervals. AGAMA f ( J) is overly isotropic
in the inner regions and, for PlumCuspTan, overly tangential in its
outer regions, while AGAMA f(E, L) is overly isotropic at all radii.
These biases reflect the assumed parametrization of the DF and the
choice of priors. As discussed above and in Section 1, this will
lead to bias if the phase-space DF of the mock data is inconsistent
with these assumptions, as is the case here. Indeed, the tangentially
anisotropic mocks present a particular challenge for the AGAMA f(E,
L) models, since the true value of β = −0.5 lies at the boundary of
the allowed range (for technical reasons, anisotropic DFs computed
by the Cuddeford–Osipkov–Merritt method are restricted to have
β̃0 ≥ −0.5).

4.4 Adding proper motion data

In Fig. 6, we show the performance of all methods when adding
proper motion data. For this, we consider 1000 tracers for the
PlumCuspOM and PlumCoreOM mocks assuming 2 km s−1 errors
on all three components of the velocity (the other mock data produced
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Figure 6. As Fig. 1, but for mocks PlumCoreOM (left) and PlumCuspOM (right) including also proper motion data (see the text for details).

density scale radius (which is itself very well recovered), and AGAMA

f(E, L) assumes β∞ = 1, as in the mocks. Moreover, DISCRETEJAM,
MAMPOSST, and AGAMA each assumes the same functional form for
the mass profile as in the mock data (with MAMPOSST fixing the value
of αD), whereas GRAVSPHERE does not. As such, we cannot really
speak of any one method being ‘superior’ to the others; rather, each
has its strengths and weaknesses.

4.3 Tangentially anisotropic mocks

In Fig. 5, we show our results for the tangentially anisotropic mocks,
PlumCoreTan and PlumCuspTan, assuming 1000 tracer stars. Notice
that, similarly to the isotropic mocks, all methods recover ρ(r) within
their 95 per cent confidence intervals over the range 0.25 < R/R1/2

< 4 (top panels), though for the PlumCoreTan mock, DISCRETEJAM

is biased (at 68 per cent confidence) towards cuspy, tangentially
anisotropic mocks and MAMPOSST marginally so. This is similar,
though less severe, to the bias seen for the PlumCoreOm mock and
owes to the mass–anisotropy degeneracy (see discussion above).

All methods successfully detect the tangential anisotropy, though
for 1000 tracers, this is only statistically significant near the half-

light radius (vertical dashed line). Interestingly, both the AGAMA f(E,
L) and AGAMA f ( J) methods become biased at greater than their
95 per cent confidence intervals. AGAMA f ( J) is overly isotropic
in the inner regions and, for PlumCuspTan, overly tangential in its
outer regions, while AGAMA f(E, L) is overly isotropic at all radii.
These biases reflect the assumed parametrization of the DF and the
choice of priors. As discussed above and in Section 1, this will
lead to bias if the phase-space DF of the mock data is inconsistent
with these assumptions, as is the case here. Indeed, the tangentially
anisotropic mocks present a particular challenge for the AGAMA f(E,
L) models, since the true value of β = −0.5 lies at the boundary of
the allowed range (for technical reasons, anisotropic DFs computed
by the Cuddeford–Osipkov–Merritt method are restricted to have
β̃0 ≥ −0.5).

4.4 Adding proper motion data

In Fig. 6, we show the performance of all methods when adding
proper motion data. For this, we consider 1000 tracers for the
PlumCuspOM and PlumCoreOM mocks assuming 2 km s−1 errors
on all three components of the velocity (the other mock data produced
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Cluster sample
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Stacks of 54 regular WINGS clusters

3 ways to estimate virial radius: 
1) velocity dispersion “sigv”  
2) richness “Num" 
3) X-ray temperature “tempX”

4700 galaxies (R < rvir): 1600 E, 1850 S0, 1200 S

Cava, Biviano, GM+19

stack by virial radius

⟨z⟩ = 0.05

⟨log ( M
M⊙ )⟩ = 14.8



Gary Mamon (IAP), Mass-orbit modeling of galaxy clusters: mass profiles, orbital shapes by galaxy type & pseudo phase-space density, 15 June 2022, GECO Cafe 
Club

18

Kinematics by morphological class
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Mamon+19
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Statistical analysis method
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Bayesian analysis

−ln ℒ = − ∑
i

ln p(vLOS,i |Ri)Likelihood

MCMC (CosmoMCMC) 
6 chains of 10 000 Nfree in // 

 ~ 1 million chain elements / model⟺

Posterior

Priors flat on all log masses and radii, inner slope 
Gaussian on tracer surface density profile 
   (from previous fit on photometric data w cst field)

Model selection: Bayesian evidence
Akaike AICc:  
BIC: 

−2 ln ℒ + 2 Nfree
−2 ln ℒ + ln Ndata Nfree
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Not 1, not 2

Einasto

Einasto

Hernquist

posterior Bayesian evidence
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Not 1, not 2, but 30 sets of priors!

Einasto

Einasto

Hernquist

posterior Bayesian evidence
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Results
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Inner slopes of total mass density profile

Stack sigv tempX Num

inner slope

AICc(gNFW)
–AICc(NFW) 1.2 –2.5 –5.9

BIC(gNFW)
–BIC(NFW) >+7 3.7 0.5

−1.4+0.5
−0.3 −1.7+0.3

−0.2 −1.8+0.4
−0.1

steeper inner slope caused by BCG?

NFW unclear ~gNFW
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concentration vs. mass

matches very well relation for halos in ΛCDM simulations!

GM+19free c

c = cΛCDM(M)

NFW mass model
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Which morphology traces best the mass?

NFW DM

gNFW DM

Ellipticals trace well total mass 
S0s fairly well 
Spirals trace poorly the total mass

GM+19
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Gary Mamon (IAP), Mass-orbit modeling of galaxy clusters: mass profiles, orbital shapes by galaxy type & pseudo phase-space density, 15 June 2022, GECO Cafe 
Club

27

Outer vs. inner Velocity Anisotropy

E: isotropic orbits

S: isotropic inner orbits & ~ radial outer orbits

S0: isotropic inner orbits & ~ less radial outer orbits 
S0s closer to S than E!

sigv stack, NFW DM

GM+19

free anisotropy radiusanisotropy radius = density scale radius

inner velocity anisotropy inner velocity anisotropy

ou
te

r v
el

oc
ity

 a
ni

so
tro

py

robust to min max radii …

but small changes with stack 
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Best models
AICc:  
NFW,  
isotropic inner orbits (all morpho types) 
isotropic outer orbits (E) 
semi-radial outer orbits (S0, S) 

BIC:  
n=6 Einasto,  
isotropic inner orbits (all morpho types) 
isotropic outer orbits (E, S0) 
semi-radial outer orbits (S)
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Why do ellipticals & S0s  
have isotropic inner orbits?

dynamical friction of parent infalling groups

artificial phase mixing of imperfectly stacked halos

2-body relaxation inefficient!

morphologically transformed from spirals

violent relaxation in merging clusters
1/3 of clusters undergo major mergers since z=1
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Why do spirals have  
isotropic inner orbits?

4x larger scale radius ⇒ rapid morphological transformation (< 1 orbit) 
       ⇒ narrower range of apocenters & pericenters

selection effect from rapid morphological transformation of spirals!

E, S0

S
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Pseudo-phase space density vs. radius

S0s
Ellipticals

Spirals
simulations

S0s
Ellipticals

Spirals
simulations

total mass density  ρ

gNFW

free-index Einasto

sigv stacked cluster

total mass density  ρ

Biviano & GM in prep.

consider all MCMC model parameters (= in proportion to MAMPOSSt posteriors)
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Are scaling relations indeed linear?
colors  ≠ good-fitting mass & anisotropy models→

Biviano & GM
in prep.

A&A proofs: manuscript no. output

Table 1. Mass - velocity anisotropy models

Model ⇢(r) c200 �(r) r� color
6 gNFW f (M200) gOM r⌫ magenta
7 gNFW f (M200) Tiret free orange

7c gNFW free Tiret free red
12 NFW f (M200) Tiret free turquoise

12E Einasto n = 6 f (M200) Tiret free royal blue
15 NFW f (M200) gOM r⌫ green

15E Einasto n = 6 f (M200) gOM r⌫ navy blue

Notes. The model number is the same as in table 2 of Paper II. Letters
following the model numbers indicate slight modifications to the mod-
els; we use ‘c’ to indicate that c200 is a fully free parameter, and ‘E’ that
the Einasto ⇢(r) model is adopted. When c200 = f (M200) we use Eq. [9]
from Dutton & Macciò (2014) to estimate c200 from M200, so c200 is
not a fully free parameter: it has a Gaussian prior with �(log c) = 0.1.
When r� = r⌫ we fix the anisotropy radius to the tracer scale radius. In
the last columns we indicate the color coding used in the figures (unless
otherwise specified).

�0 and �1, and � is the anisotropy sharpness, with � = 1 for Tiret
et al. (2007) anisotropy and � = 2 for the generalized Osipkov-
Merritt (‘gOM’) anisotropy (Osipkov 1979; Merritt 1985). For
� = 1 or 2, the exponential term in Eq. (2) is (Appendix B of
Mamon et al. 2013 for these anisotropy models and a few oth-
ers)
 

s
� + a

�

s� + a�

!2 (�1��0)/�

.

The anisotropy radius was either a free parameter or fixed to
the scale radius of the given morphology, r⌫, previously fitted to
the photometric data in Paper I, using a projected NFW model
plus a constant field surface density. In Paper II, we found that
the E galaxy distribution traces the mass very well, the S0 distri-
bution traces it reasonably well, while the S galaxy distribution
traces it very poorly. In other words, r⌫,E ' r�2, while r⌫,S ' 4 r�2.

In the present paper, among the 30 models of Paper II, we
only considered single-component mass models with free inner
and outer anisotropy for all three morphological types. We also
excluded the models with Tiret anisotropy with anisotropy ra-
dius fixed to r� = r⌫, which lead to linear �� � relations if tracer
follows mass (Mamon & Biviano, in prep.). This left us with
models 6, 7, 12, and 15 in Table 2 of Paper II. Our results are
therefore independent from the linear � � � relation assumption
that was assumed by some authors to explain the power-law be-
havior of Q(r) and Qr(r) (Dehnen & McLaughlin 2005; Arora &
Williams 2020).

All four Paper II models that we consider, assume NFW ⌫(r),
with a scale radius r⌫ as a free parameter, one r⌫ parameter for
each morphological class. In models 6 and 7, ⇢(r) is modelled
by the gNFW profile, with �1 = �3 and �0 as a free parame-
ter (Eq. [4]). In models 12 and 15, ⇢(r) is instead modelled by
the NFW profile. In all four models M200 is a free parameter of
⇢(r), while c200 is related to r200 through the relation of Dutton
& Macciò (2014):

log c200 = 2.13 � 0.10 log
 

M200

M�

!
, (9)

with a Gaussian prior �(log c200) = 0.1.3 Models 7 and 12
adopt the Tiret model for �(r), while models 6 and 15 adopt
3 The logarithms are all in base 10.

Fig. 1. Examples of 20 linear, as defined by l = 1�D/L � 0.9, (red solid

lines) and 20 non-linear, l < 0.9, green dashed lines) Q⇢(r) for ellipticals
in model 7. L and D are defined in Eqs. (10) and (11), respectively.

the gOM anisotropy model. Both the Tiret and the gOM models
are characterized by two free parameters per each morpholog-
ical class, the inner and outer velocity anisotropies �0 and �1.
The anisotropy scale radius r� is a free parameter in Tiret mod-
els 7 and 12, whereas it is tied to the tracer scale radius, r� = r⌫

in gOM models 6 and 15.
In addition to the four models described above we consider

the three following models. Model 7c is the same as model 7 but
with c200 as a fully free parameter. Model 12E and 15E are the
same as, respectively, model 12 and 15, but with a n = 6 Einasto
⇢(r) in lieu of NFW. The properties of these seven models are
summarized in Table 1.

For each MCMC chain element, we determine Q(r) and
Qr(r) at six logarithmically spaced radii, from r/r�2 = 0.125
to 4, in steps of a factor 2: r/r�2 = 2i�4, i = 1, . . . , 6, that is from
roughly 0.03 to 1 virial radius. We fit straight lines to the six
values of log Q vs. log r, log Qr vs. log r, for each individual
MCMC, yielding log Q(r) = a + b log(r/r�2). We measure the
linearity of Q(r) and Qr(r) using the quantity l = 1�D/L, where
L is the length of the fitted line,

L ⌘ (1 + b
2)1/2 | x6 � x1 | , (10)

where xi = log(ri/r�2), and D is the orthogonal deviation of the
six measurements from the fitted line,

D ⌘ (1 + b
2)�1/2

6X

i=1

| yi � (b xi + a) | , (11)

where yi = log[Q(r)/Q(r�2)], or its analog for Qr instead of Q.
We arbitrarily set a limit l = 0.9 above which the relation is con-
sidered to be linear, that is the points deviate on average from the
fitted line by less than 10% of the line length. We show examples
of linear and non-linear relations in Fig. 1.

Article number, page 4 of 14

1
8

<
r

r−2
< 4

li L

linear: ℒ = 1 − ⟨ |ℓi |⟩/L > 0.9

ℒ > 0.9

ℒ < 0.9

mostly linear relations:
esp. for total mass density (E&S)
worst for number density (S0)

A. Biviano and G. A. Mamon : Structure and dynamical modeling of WINGS clusters

Fig. 2. Fraction of linear, l � 0.9, relations deduced from the MCMC
chain elements, for E, S0, and S tracers, in di↵erent models (color coded
as in Table 1) for the sigv scaling, using total mass density profile (left)
and tracer number density profiles (right), with total velocity dispersion
(top) and radial velocity dispersion (bottom).

4. Results

4.1. Linearity of log Q vs. log r

We first consider whether the Q(r) and Qr(r) profiles are linear in
logarithmic space. Fig. 2 shows the fraction fl of MCMC chain
elements that have l � 0.9 (see Sect. 3) with the fl values listed in
Table 2. Independently of the chosen model and galaxy type, all
profiles are linear for over 95% of the MCMC chains for Q⇢ and
Qr,⇢. The fl values of the Q⇢ and Qr,⇢ profiles are almost identi-
cal. There is no clear dependence of fl on either the M(r) or the
�(r) model chosen. Recall that we did not consider the models
of Paper II that lead to linear � � � relations to avoid biasing the
linearity of the PPSD, since the PPSD and � � � relations may
be physically related.

The Q⌫ and Qr,⌫ profiles are also linear for over 90% of the
MCMC chain elements, independently of the chosen model, but
only when either E or S are considered. When considering S0,
the fl values for the Q⌫ and Qr,⌫ profiles can be as low as ' 0.80.
Models with gNFW M(r) have lower values of fl when consider-
ing S0. The fl values of the Q⌫ and Qr,⌫ profiles are very similar.

Combining all three morphological classes, the linear frac-
tions for Q⇢ and Qr,⇢ are maximal for model 15E (n = 6 Einasto
with gOM anisotropy) for the sigv pseudo-cluster. Similarly, for
Q⌫ and Qr,⌫, the linear fractions are maximal for model 12 (NFW
with Tiret anisotropy).

4.2. Slopes

We then fit straight lines to log Q and log Qr vs. log(r/r�2), for all
MCMC chain elements. We show the distributions of the best-fit
logarithmic slopes of Q(r) in Fig. 3 (left panel: Q⇢, right panel:
Q⌫) and of Qr(r) in Fig. 4. We separately display the distribu-
tions for the MCMC chains with linear relations (l � 0.9, solid

Fig. 3. Marginal distributions of the logarithmic slopes of the Q profiles,
for di↵erent morphological classes (E, S0, S in the top, middle, and bot-

tom panel, respectively) using di↵erent models (color coding as in Ta-
ble 1), for sigv scaling. Left panels: Q⇢; right panels: Q⌫. Grey shadings
indicate the simulation-based prediction for the slope Q⇢, �1.84±0.025.
Solid curves are for linear PPSD profiles (l � 0.9), dashed curves for
the non-linear ones (l < 0.9; when 1 � fl ⇡ 0 there are not enough non-
linear profiles to be displayed).

lines) and for the MCMC chain elements with non-linear rela-
tions (dashed lines: in some cases these are not visible because
1 � fl ⇡ 0). The slope distributions do not di↵er in a signifi-
cant way from one model to another and have similar unimodal
shapes for all profiles (Q⇢,Qr,⇢,Q⌫,Qr,⌫).

We compare the observational results with the predictions
from cosmological simulations, adopting the slope values that
Dehnen & McLaughlin (2005) obtained from the dark matter-
only cosmological simulations of Diemand et al. (2004b,a),
�1.84 and �1.92 for Q(r) and Qr(r), respectively, with uncer-
tainties of 0.025 and 0.05, respectively, to account for the scatter
among the values found in di↵erent studies (Taylor & Navarro
2001; Rasia et al. 2004; Dehnen & McLaughlin 2005; Knoll-
mann et al. 2008).

Figs. 5 and 6 show the means and dispersions of the marginal
distributions of the di↵erences of the PPSD slopes (total and ra-
dial, respectively) shown in Figs. 3 and 4, with the simulation-
based values. We take biweight averages and dispersions of the
slopes, separately for the linear and non-linear PPSD profiles
obtained from the MCMC chain elements. We also provide the
average and dispersion of the logarithmic slopes of the linear
Q,Qr profiles for all models and all galaxy types in Table 2. Our
results do not depend in a significant way on the assumed model
for ⇢(r) and �(r). In fact, the average logarithmic slopes of the
Q and Qr profiles for a given galaxy type are very similar across
di↵erent models, and the dispersions of the average slope values
of the seven models is much smaller than the dispersion in the
values of the slopes obtained from the MCMC of any individual
model (see rows labelled ‘mean’ in Table 2).

The logarithmic slopes of the linear Q⇢ (Fig. 5) and Qr,⇢

(Fig. 6) profiles are consistent with the simulation-based pre-
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Do linear models have expected slopes?

Q(r) slope:
• as expected for mass density (Es for all models) & number density (Es only)
• = f (morph. type & model) for number density

colors = ≠ best-fitting mass & anisotropy models
Biviano & GM in prep.A. Biviano and G. A. Mamon : Structure and dynamical modeling of WINGS clusters

Fig. 5. Average and dispersion of the di↵erence between the Q profile
logarithmic slope and the simulation-based prediction, �1.84, for di↵er-
ent morphological classes (indicated on the x axis), in di↵erent models
(color coded as in Fig. 2 and Table 1), for sigv scaling. Grey shad-
ing indicates the uncertainty in the simulation-based expectation. Top

panels: Q⇢; bottom panels: Q⌫; left panels: profiles with l � 0.9. right

panels: profiles with l > 0.1. The broken lines in the right-hand pan-
els are the values of 1 � fl for the di↵erent morphological classes and
di↵erent models, as a quick reference (the fl values are plotted in more
detail in Fig. 2).

If both Q(r) and Qr(r) are power laws, of respective slopes ↵
and ↵+�↵, then their ratio R = Qr/Q = (3� 2 �)3/2 should also
be a power law of slope �↵. For the Tiret and gOM anisotropy
models (Eq. [8]), one then expects

R(y) = 3 � 2 �0 � 2 (�1 � �0)
y�

y� + 1
/ y2�↵/3 , (12)

where y = r/r�. Eq. (12) indicates that R varies from one con-
stant value, R0 = 3 � 2 �0, at small radii, to another constant
value, R1 = 3 � 2 �1, at large radii. Therefore, Qr/Q cannot be
a power law over the full range of radii (unless �1 = �0). If one
restricts the analysis to a narrow range of radii around r = r�, one
expects a quasi-linear behavior obtained by a series expansion of
R(y) in Eq. (12):

R(y) = 3 � �0 � �1 + (�1 � �0) � (y � 1) + o(y � 1) . (13)

The zeroth order term is positive since � < 1 by definition. For
given �0 and �1, the 1st order term is proportional to �. Hence,
the transition of Qr/Q from R0 at small radii to R1 at large radii
is smoother for low � anisotropy profiles. This is illustrated in
Figure 7, which shows that the gOM model (� = 2) is less linear
than the Tiret (� = 1) model. In turn, this would indicate that the
fraction of linear models should be higher with Tiret anisotropy
than for similar mass models with gOM anisotropy. However,
in practice, the necessary non-linearity of Qr/Q is not a worry,
because the range of Qr/Q is smaller than the range of either
Q(r) or Qr(r), because the logarithmic slopes of Q(r) and Qr(r)
are similar (Table 2). For example, if Q(r) were perfectly linear

Fig. 6. Same as Fig. 5 for the Qr rather than the Q profiles. The
simulation-based predicted logarithmic slope is �1.92.

Fig. 7. Illustration of the non-linearity of Qr/Q in Tiret and gOM
anisotropy models. Our analysis was limited to the radial region be-
tween the two vertical dashed lines.

(l = 1), then Qr would have a linearity l = 0.997 and 0.992 for
the Tiret and gOM anisotropy models, respectively, hence much
greater than our threshold of 0.9 for linear models.

It might at first appear surprising that Q⇢ and Qr,⇢ should
have similar slopes for the three morphological classes, given
that the three classes have di↵erent line-of-sight velocity disper-
sion profiles (Paper I) and di↵erent �(r) (Paper II). The similarity
of Q⇢ and Qr,⇢ for the three classes then imply that they also have
similar �(r) and �r(r) and that the observed di↵erences in their
line-of-sight velocity dispersion profiles (Paper I) and �(r) (Pa-
per II) is compensated by their di↵erent ⌫(r) (see Eqs. [2], [3],
and Paper I).

Furthermore, the similar Q⇢(r) and Qr,⇢(r) on one hand, and
similar � and �r on the other hand, but di↵erent ⌫(r) of di↵erent
galaxy classes (see Paper I), implies that they must have di↵er-
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that the three classes have di↵erent line-of-sight velocity disper-
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What do we learn from PPSDs?

Higher linear fraction for  than for  
+ Slopes of  as in dissipationless simulations 

 PPSD is related to gravitational potential  
 PPSD  violent relaxation Colombi 21

Qρ Qν
Qρ

→
→ ↔

or are power-law PPSDs just a coincidence?
(do they extrapolate to low and high radial distances?)

S0s
Ellipticals

Spirals
simulations

Einasto



Gary Mamon (IAP), Mass-orbit modeling of galaxy clusters: mass profiles, orbital shapes by galaxy type & pseudo phase-space density, 15 June 2022, GECO Cafe 
Club

35

Conclusions
Cluster total mass density profiles

Galaxies vs. mass

NFW/Einasto or possibly steeper (BCG?)

Ellipticals trace mass best, spirals poorly 
S0s closer to ellipticals

Inner orbits in clusters

Outer orbits in clusters

isotropic! 
E/S0: violent relax’n & dyn’l friction of groups 
S: selection effect of small range of pericenters

S more radial, E more isotropic,  
S0s in between, closer to S

pseudo-phase space density driven by gravitational potential? 

concentration vs. mass consistent with cosmological simulations


